In the context of the bosonic closed string theory, by using the operatorial formalism, we give a simple expression of the off-shell amplitude with an arbitrary number of external massless states inserted on the Klein bottle. 
In a recent paper [1] we have given a simple prescription for computing, in the bosonic string theory, the off-shell one-loop amplitude with an arbitrary number of external massless particles, both for open and closed oriented strings.
One of the main reasons for studying off-shell amplitudes is the analysis of the zeroslope limit (α ′ → 0) of string theories, which has to reproduce the perturbative aspects of the ordinary gauge field theories of fundamental interactions [2] [3] . In particular, closed strings can be used to shed light on perturbative quantum gravity [4] . Indeed, instead of computing gravity amplitudes by conventional field theory methods, which are known to be algebraically very complex, one can use the low-energy limit of the corresponding closed string amplitudes, which have a very compact expression and which are represented by a single diagram at each loop.
Nevertheless some stringy aspects appear when this procedure is applied to the calculation of amplitudes involving external graviton states. This is due to the fact that, in the closed string theory, the graviton belongs to the first excited level together with the dilaton and the antisymmetric tensor. It is straightforward to disentangle the antisymmetric tensor from the other two, when regarded as external states, simply by considering the symmetry property of the polarization tensor. However in the multiloop amplitudes with external gravitons and dilatons there always remains the contribution of the antisymmetric tensor states circulating in the loop, that has to be therefore eliminated if one is interested, as we are, in reproducing results in a theory where the antisymmetric tensor is decoupled from gravitons and dilatons [6] .
A possibility of solving the above problem is to consider closed strings propagating also on nonorientable Riemann surfaces which appear in the perturbative expansion of the nonoriented string. At one-loop level, it consists to add the Klein bottle amplitude to the torus one [5] . One can show that in so doing the contribution to the amplitude coming from the antisymmetric tensor drops out. This is the main motivation which has prompted us to compute explicitly off-shell amplitudes on the Klein bottle, extending to it the methods applied in Ref. [1] to the torus.
In this letter we construct amplitudes for massless states of the closed bosonic string on the Klein bottle by using the operatorial formalism of the N-string g-loop Vertex [7] which provides, as shown in [1] , a natural prescription leading to an off-shell extension of amplitudes.
Our starting point is the well-known fact that it is possible to rewrite on-shell closed string amplitudes on the Klein bottle in terms of on-shell open string amplitudes [5] [8] .
This suggests to use the N-string g-loop Vertex for open strings [7] in the one-loop case,
i.e. g = 1, in order to obtain the relative off-shell extension. After some manipulations, we arrive at an expression for off-shell amplitudes involving massless states which have the same structure as the corresponding ones on the torus given in [1] ; moreover it naturally involves geometrical quantities related to the Klein bottle.
The nonoriented closed string theory is obtained by requiring invariance under the world-sheet parity symmetry. In the Hilbert space of the physical states, this corresponds to the action of the "turnover" operator [5] [8]:
States which are odd under the action of T drop out from the spectrum and are annihilated by the projection operator:
One-loop amplitudes for nonoriented strings are obtained by inserting the projection operator P + into the trace over the internal states. In this case the first term of the projector obviously gives the torus amplitude considered in [1] , while the second one gives the Klein bottle contribution to the amplitude, which we are going now to analyze.
When the two terms are added together, as implied by the insertion of P + , the internal states which are odd under the action of T are cancelled out and the only contribution comes from states which are symmetric under the α ←→ᾱ exchange. In particular, among the massless states, only the dilaton and graviton will circulate in the loop. It is evident that if one subtracted the Klein bottle amplitude from the torus one by inserting
only antisymmetric states would contribute.
The Klein bottle on-shell amplitude for M arbitrary external states is given by:
for a particular cyclic ordering.
In the equation (2)
represents the closed string vertex operator for the i-th on-shell closed string state, fac- The vertex operator associated to a massless state is given by:
where the polarization tensor, due to the structure of the vertex operator, has been considered as:
It defines an on-shell massless state, satisfying the conditions:
through:
The effect of T in (2) 
Some straightforward calculations allow us to rewrite the amplitude in eq. (6) in the form:
The normalization constant C
KB of the amplitude, which depends on the topology of the Riemann surface, will be determined in the following in terms of the torus one.
Eq. (7) shows that the problem of computing an amplitude involving M external states on the Klein bottle is reduced to the evaluation of a planar amplitude involving 2M open string states at the one-loop order, provided that k is substituted in the integrand by |k| 2 and that the first M vertices, carrying the momentum p i (and with polarization ξ i in the case of massless states) are inserted at the complex punctures z i while the M remaining ones, still with momentum p i (and with polarizationξ i ), are inserted at the image points kz i .
It then follows that we can use the N-string g-loop Vertex V N ;g [7] of the open string theory to reproduce the on-shell amplitude (7) for external massless states, specializing it to the case N = 2M and g = 1 and, more importantly, to get an off-shell extension, following the procedure of Ref. [1] .
The Vertex V N ;g depends on N complex Koba-Nielsen variables z i 's, corresponding to the punctures of the external states, through N conformal transformations V i 's, which define a local coordinate system vanishing around each z i , i.e.:
When V N ;g is saturated with N physical string states satisfying the mass-shell condition, the corresponding amplitude does not depend on the V i 's. If this condition is relaxed, the dependence of V N ;g on them is transferred to the off-shell amplitude. This is analogous to what happens in gauge theories, where on-shell amplitudes are gauge invariant, while their off-shell counterparts are not.
At the one-loop order a consistent choice for V i (z) was shown to be [1]
This choice leads, in the open string case, to the following N-string one-loop Vertex V N ;1 ready to be saturated with massless states and that we are going to use for computing our amplitudes:
where < Ω| denotes the bra-vacuum and
open string Green function, given by [9, 10] :
with [7] :
By adapting V N ;1 to the Klein bottle case with 2M massless states one gets:
where
The eq. (10) has to be understood as an expansion in ξ i restricted to the terms which are linear in any ξ i .
The measure turns out to be:
(1)
The constant C
KB can be determined by looking at the partition functions on the torus and on the Klein bottle, which in turn can be straightforwardly determined from the expressions of the measures in the two cases: 
states circulating in the loop, i.e. the symmetric ones, one has to take:
T .
The expression (10) , although already in a quite compact form, does not make explicit the relation with the geometric properties of the Klein bottle. However, we show that it is possible to rewrite it in terms of geometrical quantities defined on the Klein bottle.
After some algebraic calculations, indeed one gets:
where G KB (z i , z j ) can be given in terms of either the open string Green function G o or the closed string one G c at the one-loop order [11] as follows:
The Green function G c (z i , z j ) is expressed in terms of the real modular parameter
Notice that G KB (z i , z j ) is invariant under the transformation z i → kz i , which is reminiscent of the involution which is used to define the Klein bottle in terms of the double covering torus [12] . However, to make a complete correspondence with this geometrical representation one has to take into account that the Klein bottle is described by a double covering torus with a real modular parameter. In our formalism this parameter can be identified with the modulus of k, while the phase of k will be reinterpreted as the coordinate of one of the punctures. This can be easily accomplished by making the change of variable z i → e iπτ 1 z i , where we have parametrized k = e 2iπ(τ 1 +iτ 2 ) as usual. As the Green function G KB (z i , z j ) only depends on the ratio of its arguments, it is easy to see that after the substitution, it will depend only on the modulus of k. Moreover, after that change of variable, the Green function G KB (1, z j ), which is also present in eq. (12), becomes equal to G KB (e −iπτ 1 , z j ). This allows us to reinterpret the first argument, e −iπτ 1 , as the position of one of the punctures, which we call again z 1 , with modulus fixed to one (a similar discussion can be found in the first two references in [8] ). It is also clear that the integration measure and the integration region over the punctures remain unchanged.
After these manipulations the expression of the amplitude has still the form given in the eq. (10), but with the following Green function and measure:
[dm KB ]
Our expression for the Klein bottle Green function is still different from the one given in Ref. [12] , where the authors use a sort of image method to compute it as a combination of Green functions defined on the double covering torus. In fact the difference consists in the presence in (16) of the last two terms which contain the torus Green function evaluated at conjugate points. These two terms are by themselves invariant under the involutions z −→ |k|z i and appear as a sort of "normal ordering" at coincident points on the Klein bottle.
The eq. (12) giving the M-point amplitude of massless states on the Klein bottle is formally identical to the corresponding one on the torus [1] , modulo the replacements of the Green function on the torus with G KB (z i , z j ) and the torus measure with [dm KB ]
(1) M in (11).
Let us now specialize to the two-point amplitude, which is obtained by expanding, as in the case of the torus, the eq. (12) . After some straightforward algebra completely analogous to the one done in that case in Ref. [1] one arrives at the following expression for the two-point one-loop amplitudes on the Klein bottle:
where (we use the same notation as in [1] ):
and where we have considered the momentum conservation for setting p (1) = −p (2) ≡ p and have made explicit the symmetry properties on the indices (µν) which refer to the polarization tensor of the particle (1) and on (ρσ) which refer to the one of the particle (2) . Of course the amplitude is symmetric under the exchange of the states (1) and (2).
It is remarkable that this amplitude, as an off-shell string amplitude, is transverse,
i.e.:
The same property was shown to hold for the torus amplitudes too in [1] .
It is well-known that in quantum gravity the transversality of the amplitudes follows when background-field techniques are used, then our off-shell amplitudes, when added
to the torus ones, should give in the field theory limit (α ′ → 0) one-loop corrections to quantum gravity coupled to scalars, obtained in the framework of the background field method.
Finally we would like to make a remark on a possible reinterpretation of the procedure we have used in this paper to construct one-loop Klein bottle amplitudes and make a connection with the so-called sewing technique which can be used in the framework of the operatorial formalism to construct multiloop string amplitudes.
As we have repeatedly stressed, the final form of the amplitude is nicely written in terms of objects related to the geometry of the Klein bottle surface. Since, however, our starting point was the use of the operator formalism, and in particular the insertion of the turnover operator T into the trace on the internal states circulating in the loop, it would be desirable to establish from the beginning a connection between this approach and the geometry of the Klein bottle.
Let us first remark that T is defined in eq. (1) as acting on the oscillator operators.
On a Riemann surface these operators appear in the local expansion of the string field around a given puncture z i provided with sets of complex coordinates
, which map a neighborhood of the origin in the complex plane into a neighborhood of z i . On the other hand, it is well-known that any genus g Riemann surface with N punctures can be obtained from an (N + 2g)-punctured sphere in which 2g punctures are suitably identified through the so-called sewing procedure, so that g handles are generated. In the following we will consider for simplicity only the one-loop case, g = 1.
To identify the two punctures z i and z j means to make a correspondence between their local coordinates ζ i = V −1 i (z) and ζ j = V −1 j (z), so that a complex structure can still be defined. The operator formalism gives a constructive way of realizing the sewing procedure, and, as stressed in [7] , it generates a vertex which embodies the geometrical structure of the resulting Riemann surface. It is easy to see that, in order to generate one handle of an orientable Riemann surface by identifying z i and z j , a possible choice (modulo some Möbius transformations) is mapping the inner of the unit circle C i surrounding z i to the outer of the unit circle C j surrounding z j , by imposing:
The relation (18) gives the correct relation between the orientations of the circles C i and
Expanding the string field X in oscillators in terms of the local coordinates ζ i one has:
An analogous expansion in terms of ζ j holds around z j , which in the sewing procedure must be identified with (19) when the substitution (18) is made, i.e.
This leads to the identifications [13] 
We defer to the original references for a more detailed description of the remaining steps of the sewing procedure. What we want here to stress is that in order to construct the handle, the operators of the two Fock spaces, corresponding to the two punctures, must be identified as in (20) . Successively, the trace on these oscillators is taken and a one-loop Vertex, generating the amplitudes on the torus, can be obtained.
In order to get instead the Klein bottle, the relative orientations of the two circles C i and C j must be inverted. This can be obtained by identifying the two punctures through the relation
By performing the same steps as before one obtains the following identifications 
One then recognizes in (22) (apart an irrelevant minus sign) the action of the turnover operator T , which makes identifications between the oscillators of the holomorphic and antiholomorphic sector. It should be not difficult, but perhaps tedious, to continue the sewing procedure following the same steps as described in [7] , so to get a different derivation of the Klein bottle Vertex and amplitudes, given in this paper.
